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$Hua$ , . $n$ 9
3 , 9
, 1 2
. , $n$ 9 3 , $n-2^{3}$
8 3 . ,
$n=p_{1}^{3}+p_{2}^{3}+\cdots+p_{9}^{3}$
$p_{j}$ , “
”9 , $n$ ,
, 9 3 $n$ , $n$
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.
, $s$ 3 $n$ ,
$q$ ,
$n\equiv x_{1}^{3}+x_{2}^{3}+\cdots+x_{s}^{3}$ $(mod q)$
$(x_{1}x_{2}\ldots x_{s},q)=1$ $x_{1},$ $x_{2},$ $\ldots,$ $x_{s}$ $n$
. $n$ $\mathcal{N}_{s}$ .
(Vaughan [9], Lemma 2.14 ) ,
4 $s\}_{c}^{}$ $\mathcal{N}_{s}$
;
$\mathcal{N}_{4}=\{n\in \mathbb{N}:n\equiv 0(mod 2), n\not\equiv\pm 1, \pm 3(mod 9), n\not\equiv\pm 1(mod 7)\}$ ,
$\mathcal{N}_{5}=\{n\in N:n\equiv 1(mod 2), n\not\equiv 0, \pm 2(mod 9), n\not\equiv O(mod 7)\}$ ,
$\mathcal{N}_{6}=\{n\in \mathbb{N}:n\equiv 0(mod 2), n\not\equiv\pm 1(mod 9)\}$,
$\mathcal{N}_{7}=\{n\in \mathbb{N}:n\equiv 1(mod 2), n\not\equiv 0(mod 9)\}$ ,
$\mathcal{N}_{s}=\{n\in N:n\equiv s(mod 2)\}$ $(\forall s\geq 8)$ .
, 4 $s$ , $n\in \mathcal{N}_{s}$ $s$ 3
, . 3 3
$x$ $O(X(l\circ gX)^{-3})$
, $s\}_{c}^{}$ 4 . Hua
, $s\geq 9$ , .
, $Hua$ [2] 70 ,
$s=8$ $*$ . ,
$n\in \mathcal{N}_{s^{\rfloor}}$ , $n\in \mathcal{N}_{s}$ $s$ 3
, $5\leq s\leq 8$ $Hua[2]$
. , $x$ $n\in \mathcal{N}_{s}$ , $s$
3 $n$ $E_{s}(X)$ . $X$ $\mathcal{N}_{s}$
$x$ , $E_{S}(X)=\circ(X)(Xarrow\infty)$ $\dagger$ ,
$n\in \mathcal{N}_{s}$ $s$ 3 , ,
$*$ , , 9 3
, ( ). Hua [2]
, $s\geq 10$ , , , $s$ 3
.
\dagger , $s\geq 4$ $E_{s}(X)\ll 1$ . Hua [2]
$s\geq 9$ , $s$ .
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Hua [2] , $5\leq s\leq 8$ , $A$ ,
$E_{s}(X)\ll X(\log X)^{-A}$ (1)
. , $E_{4}(X)=o(X)$ ,
circle method , ,
$E_{8}(X)\ll 1$ , \ddagger .
Hua [2] , (1) $A$
\S Schwarz [8] 1961 , Sb Ren [7]
2000 ,
$E_{5}(X)\ll X^{152/153+\epsilon}$
’. Ren [7] $6\leq s\leq 8$ $E_{S}(X)$
, circle method $,$ minor arc
Bessel ,
, , $5\leq s\leq 8$
:
$E_{s}(X)\ll X^{1-(s-4)/153+\epsilon}$ .
$x$ , $s=8$ 0.97386 .
$s\geq 9$ $E_{S}(X)\ll 1$ , $E_{8}(X)$
, , Bessel
.
, 2002 Wooley [10]
. Bessel , minor arc 2
, , , , 1
, . ,
, . $E_{s}(X)$
, Wooley [10] :
$E_{5}(X)\ll X^{35/36+\epsilon}$ , $E_{6}(X)\ll X^{17/18+\epsilon}$ ,
(2)
$E_{7}(X)\ll X^{23/36+\epsilon}$ , $E_{8}(X)\ll X^{11/36+\epsilon}$ .
$\iota_{E_{4}(X)=o(X)(X}arrow\infty)$ $E_{8}(X)\ll 1$ , .
, . $E_{4}(X)$
, , Kawada [3], Br\"udern-Kawada
[1] .
\S , , (1) Vinogradov $A$ .
, $\epsilon$ . , $\epsilon$
.
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$23/36=0.63\dot{9},$ $11/36=0.30\dot{5}$ , $s=7$ $s=8$
.















$E_{5}(X)\ll X^{79/84}$ , $E_{6}(X)\ll X^{31/35}$ ,
$(3)$
$E_{7}(X)\ll X^{17/28}$ , $E_{8}(X)\ll X^{23/84}$
Kumchev[5] . Wooley , $E_{5}(X)$ ,
$E_{7}(X),$ $E_{8}(X)$ 0.03 , $E_{6}(X)$ 0.06 ,
. 2003 [4] ,
Kumchev , $s=5,7,8$ 0.0065 $,$ $s=6$














, 79/84–1.8 $\cdot 10^{-3}$ .
$E_{5}(X)\ll X^{107/114}$ , $E_{6}(X)\ll X^{50/57}$ ,
$E_{7}(X)\ll X^{23/38}$ , $E_{8}(X)\ll X^{31/114}$ .
, Kumchev , $s=$
$5,7,8$ 0.0018 , $s=6$ 0.0085 ,






2. circle method .
, $5\leq s\leq 8$
$s$ , $s=5$ , $E_{5}(X)$
.
$X$ , $P= \frac{1}{2}X^{1/3}$ , $P<p\leq 2P$
$p$
$\mathcal{P}$ . , $\mathcal{A}$ ,
$f( \alpha;\mathcal{A})=\sum_{x\in A}e(x^{3}\alpha)$
$($ , $e(\alpha)=\exp(2\pi i\alpha))$
. , $s=5$ , Wooley [10] ,
Bessel , , circle
method :
$\mathcal{A}\subset(P, 2P]$ , $1\leq q\leq P^{3/2},$ $(a, q)=1,$ $|q\alpha-a|\leq P^{-3/2}$
$q,$ $a$ ,
$f(\alpha;\mathcal{A})\ll P^{1-\rho+\epsilon}+P(\log P)^{c}\kappa(q)^{1/2}q^{\epsilon}(1+P^{3}|\alpha-a/q|)^{-1/2}$ (4)
( $c$ , $\kappa(q)$ ),
$n=x^{3}+p_{1}^{3}+p_{2}^{3}+p_{3}^{3}+p_{4}^{3}$ $(x\in \mathcal{A},$ $p_{j}\in \mathcal{P})$
$n \in(\frac{1}{2}X,X]\cap \mathcal{N}_{5}$ , $O(X^{1-\frac{2}{3}\rho+\epsilon})$ .
“ ” ,
, $f(\alpha;\mathcal{A})$ major arc
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, , .
, (4) , 1 $P$ $\rho$
. $\kappa(q)$ , $\kappa(q)$ $q$
, $q$
, $0$ $u$ ,
$\kappa(p^{3u+1})=3p^{-u-1/2}$ , $\kappa(p^{3u+2})=\kappa(p^{3u+3})=p^{-u-1}$
. $\kappa(q)\ll q^{-1/3}$ ,
$(-1/3)$ , $\kappa(q)$ $O(q^{-1/2})$
.
$E_{5}(X)$ , , $\mathcal{A}=\mathcal{P}$
. Wooley [10] , $\mathcal{A}=\mathcal{P}$ , (4) $\rho=1/24$
. ,
$E_{5}(X)-E_{5}(X/2)\ll X^{1-\frac{2}{3}\rho+\epsilon}\ll X^{35/36+\epsilon}$ ,
$E_{5}(X)\ll X^{35/36+\epsilon}$ Wooley
(2) .
, , $\mathcal{A}=\mathcal{P}$ , (4) $\rho=1/16$
, Kumchev [6] $\rho=1/14$ . $1- \frac{2}{3}\cdot\frac{1}{14}=20/21$
, $E_{5}(X)\ll X^{20/21+\epsilon}$
, Kumchev (3) .
, , $\mathcal{A}=\mathcal{P}$ (4)
.





$f( \alpha;\mathcal{P})=\sum_{p\in P}e(p^{3}\alpha)=\sum_{P<x\leq 2P}e(x^{3}\alpha)-\sum_{P<x\leq 2P}e(x^{3}\alpha)$
(5)
, ,
1 Weyl , ,
. ,
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, $\sum_{m}\sum_{n}e((mn)^{3}\alpha)$ , $m$ $n$
.
Kumchev , (4) $\mathcal{A}=\mathcal{P},$ $p=1/14$
, , (5)
, – $\mathcal{P}’$ –
, . , $x\in \mathcal{P}’$ $x$
, (5) –$\rho$
. , $\mathcal{P}’$ (5) ,
$f( \alpha;\mathcal{P}\cup \mathcal{P}’)=\sum_{P<x\leq 2P}e(x^{3}\alpha)-\sum_{P<x\leq 2P}e(x^{3}\alpha)x\not\in P\cup \mathcal{P}$
’
(6)
, , $\mathcal{P}’$ ,
(5) . , $\mathcal{A}=\mathcal{P}$
(4) $p=1/14$ ,
$\mathcal{P}’$ , $\mathcal{A}=\mathcal{P}\cup \mathcal{P}’$ , (4) $\rho$
1/14 , . ,
$\rho$ , (4) $\mathcal{A}=\mathcal{P}\cup \mathcal{P}’$ $\mathcal{P}’$
( , $\rho$
).
, (4) $\mathcal{A}=\mathcal{P}\cup \mathcal{P}’$
, $O(P^{1-\frac{2}{3}\rho+\epsilon})$ , $n \in(\frac{1}{2}X, X]\cap \mathcal{N}_{5}$





. , $R_{1}(n)$ , $x\in \mathcal{P}’$
$R_{2}(n)$ , $R_{1}(n)$ ,
$C_{2}$ , $O(P^{1-\frac{2}{3}\rho+\epsilon})$ $n \in(\frac{1}{2}X, X]\cap \mathcal{N}_{5}$ ,
$R_{2}(n)<C_{2}P^{2}(\log P)^{-5}$
. $C_{1}>C_{2}$ , $n$
$R_{1}(n)>R_{2}(n)$ , $n$ 5 3
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. $C_{1},$ $C_{2}$ , $\mathcal{P}’$ , $\mathcal{P}’$ $\rho$
, $C_{1},$ $C_{2}$ $p$ , $C_{1}>C_{2}$ $p$
. $\rho$ , $E_{5}(X)\ll X^{1-\frac{2}{3}\rho+\epsilon}$




, $\rho$ Kumchev , ,
.
Kumchev [6] , , , $(P^{2\rho}, P^{1-8\rho}]$
$\mathcal{A}$ , (4)
. , $Type$ II
, , Wooley [10]
. , Kumchev , (1, $P^{1-10\rho}]$
$x\in(P, 2P]$ $\mathcal{A}$ , (4)
, , M\"obius $\mu(d)$
.
$z$ (z) $= \prod_{p<z}p$ ,





$\sum$ $e((dy)^{3}\alpha)$ . (7)
$P/d<y\leq 2P/d$
$d|\Pi(P^{1-10\rho})$ , $d$ $P^{1-10\rho}$ ,
$d>P^{2\rho}$ , $d$ $(P^{2\rho}, P^{1-8\rho}]$ ,
Type II , $d$ , (4)
. $d\leq P^{2\rho}$ , $d$ ,
(7) $y$ Weyl
, ( Type I
). , (4) $,$ $\mathcal{A}=\{P<x\leq 2P, (x, \Pi(P^{1-10\rho}))=1\}$
. Kumchev [5]






, $I_{2}=(P^{\rho}, P^{\frac{1}{2}-4\rho}]$ .
, (Pl-10p) ,
$\Pi_{\rho}=\prod_{p\in I_{1}\cup I_{2}}p$
(4) . . (7)
,
$(x, \Pi_{\rho})=1\sum_{P<x\leq 2P}e(x^{3}\alpha)=\sum_{d|\Pi_{\rho}}\mu(d)\sum_{P/d<y\leq 2P/d}e((dy)^{3}\alpha)$
, $d\leq P^{2\rho}$ , Type I .
$d>P^{2\rho}$ , $d|\Pi_{\rho}$ ,
(i) $d$ 12 , $d$ $I_{1}$ ,
$d$ $P^{1-10\rho}$ , ,
$d$ $(P^{2\rho}, P^{1-8\rho}]$ , $OK$ .
(ii) $d$ $I_{2}$ 2 , $d=p_{1}p_{2}$d’ $(p_{1}, p_{2}\in I_{2})$
, $P^{2\rho}<p_{1}p_{2}\leq P^{1-8\rho}$ , $d$ $(P^{2\rho}, P^{1-8\rho}]$
, $OK$ .
(iii) $d$ $I_{2}$ 1 ,
$d=pd’$ ($p\in I_{2},$ $d’$ $I_{1}$ ) , $d’$
$(P^{2\rho}/p, P^{1-8\rho}/p]$ $d”$
$\Vert$ ,
$d$ $(P^{2\rho}, P^{1-8\rho}]$ $pd”$ , $OK$ .
, $d>P^{2\rho}$ Type $II$
, $\mathcal{A}=\{P<x\leq 2P;(x, \Pi_{\rho})=1\}$ (4)
. , $\Pi(P^{1-10\rho})$ $\Pi_{\rho}$
, $I_{2}$ , 1
.
, Kumchev
. , , Kumchev Buch-
stab ,







( – , ). ,
, weighted sieve ,
.
, , Kumchev [5]
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